Dielectric and magnetic phenomena in spin and charge frustrated system RFe 2 O 4 (R is a rare-earth metal ion) are studied. An electronic model for charge, spin and orbital degrees in a pair of triangular-lattice planes is derived. We analyze this model by utilizing the mean-field approximation and the Monte-Carlo simulation in a finite size cluster. A three fold-type charge ordered structure with charge imbalance between the planes is stabilized in finite temperatures. This polar charge order is reinforced by spin ordering of Fe ions. This novel magneto-dielectric phenomenon is caused by spin frustration and charge-spin coupling in the exchange interaction. We show cross-correlation effect in magnetic-and electric-field responses. Oxygen deficiency effect as an impurity effect in a frustrated charge-spin coupled system is also examined.
I. INTRODUCTION
Simultaneous existence of electric and magnetic polarizations and their control by external field have been recently revived as multiferroic phenomena in correlated electron oxides. 1, 2, 3, 4 Behind large coupling between electric and magnetic moments, spin frustration plays dominant roles on multiferroic properties. Non-colinear spin structures, such as cycroid, spiral and so on, are realized on a frustrated geometry, and spontaneous electric polarization is induced to gain the symmetric/anti-symmetric exchange interactions. 5, 6, 7 In this viewpoints, this class of materials are recognized as a spin driven ferroelectricity. Another class of ferroelectricity is possible in correlated electron systems. Apart from the integer filling of electron in valence bands, charge degree of freedom is active. In particular, around the quarter filling, the longrange charge order due to electron correlation is ubiquitously observed in several transition-metal compounds. 8, 9, 10 When electronic charge is ordered without inversion symmetry, a macroscopic electric polarization appears. This is a ferroelectricity driven by electronic charge degree of freedom. This class of ferroelectricity is realized in low-dimensional organic salts, such as the neutral-ionic transition system 11, 12 and α-(BEDT-TTF) 2 I 3 . 13 Charge polarized state observed in a layered structure manganite Pr(Sr 0.1 Ca 0.9 ) 2 Mn 2 O 7 is attributed to the charge-orbital order associated with lattice distortion. 14 A possibility of ferroelectricty in manganites is also proposed in theoretical viewpoint. 15 Rare-earth iron oxides with layered crystal structure RFe 2 O 4 (R=Lu, Y, Yb, Er) 16 of the present interest belong to this class of ferroelectricity. Crystal structure of RFe 2 O 4 consists of paired Fe-O triangular-lattice layers and R-O blocks stacked along the c axis. Schematic view of a paired Fe-O layer, termed the W-layer, is shown in Fig. 1(a) . Average valence of Fe ions is +2.5, implying that equal amounts of Fe 2+ and Fe 3+ occupy the W-layer. Therefore, this material is recognized as a spin-charge frustrated system. Charge structure was investigated by the electron and x-ray diffraction experiments. 17, 18, 19 In LuFe 2 O 4 , below 500K, streaktype diffuse scattering was observed along (1/3 1/3 l) lines, and below 320K, spots appear at (1/3 1/3 3m + 1/2) in the streak lines associated with zigzag modulations. In this paper, we use the hexagonal index, although the space group is R3m. These experimental results are interpreted as twoand three-dimensional charge orders of electrons. The threedimensional order of Fe 2+ and Fe 3+ was also confirmed by the resonant x-ray scattering technique at Fe K-edge. 20 As for the magnetic properties, magnetization in LuFe 2 O 4 starts to increase around 250K. 21 Neutron diffraction experiments revealed that magnetic Bragg peaks at (1/3 1/3 m) appear and a ferrimagnetic order realizes below this temperature. 22, 23, 24, 25, 26 Electric polarization and dielectric anomalies were observed around the three-dimensional charge ordering temperature, although the dielectric constant shows strong dispersive and diffusive nature. 20, 27 Several magnetodielectric phenomena were also reported around the ferrimagnetic ordering temperature. 20, 28, 29 It is worth noting that these dielectric and magnetic phenomena depend on the rareearth metal element, R, and the oxygen stoichiometry; in YFe 2 O 4 , with decreasing temperature, the three fold-type charge order is changed into a four fold-type one which is extremely sensitive to oxygen deficiency. 30, 31, 32 These microscopic and macroscopic experiments denote that 3d electronic charges are responsible for the dielectric anomalies, and couple strongly with spins.
To elucidate mechanism of dielectric phenomena in RFe 2 O 4 , Yamada and coworkers proposed a model for the three fold-type charge order. 18 This charge-structure model is shown in Fig. 5 (a) which will be introduced in more detail in Sect. III. This is a √ 3 × √ 3 structure in a plane, and along [110] , electronic charges are aligned · · · Fe 3+ Fe 3+ Fe 2+ · · · in the lower plane and · · · Fe 3+ Fe 2+ Fe 2+ · · · in the upper one. That is, electronic charge is polarized between the upper and lower planes, and finite electric dipole moments exist in the W-layer. Based on this polar charge model and the neutron diffraction data, a possible spin structure in the ferrimagnetic ordered phase was proposed. 31 A number of the experimental results 16, 18, 20, 21, 22 and the analyses 17, 24, 33, 34, 35 imply that electronic processes and interactions are crucial for novel dielectric properties in this material. In this paper, we present a microscopic theory of electronic structure and magneto-dielectric phenomena in RFe 2 O 4 . We focus on 3d electronic structure in a W-layer which is a minimum and main stage for the low-energy elec- tronic state. We first suggest the orbital degree of freedom in a Fe 2+ ion, and derive an electronic Hamiltonian in a Wlayer. This model consists of the long-range Coulomb interactions and the exchange interaction derived from the generalized pd model. We analyze the charge structure by using the mean-field approximation and the Monte-Carlo (MC) simulation. The three-fold type polar charge order competes with other type non-polar ones, and is stabilized at finite temperature. This is caused by charge fluctuation in a frustrated triangular lattice. We furthermore examine spin structure and coupling between spin ordering and electric polarization. The polar charge order is strongly stabilized below the magnetic ordering temperature. This magneto-dielectric phenomenon is attributed to spin frustration in a triangular lattice. We demonstrate novel electric and magnetic responses which are available to examine the present theoretical scenario. Effects of oxygen deficiency on electric polarization are also studied.
In Sect. II, we derive the model Hamiltonian for electronic structure in a W-layer. In Sect. III, numerical results for the charge structure and electric polarization are presented. Calculated results for the spin structure and the magnetodielectric responses are shown in Sect. IV. Examined oxygen deficiency effects are introduced in Sect. V. Section VI is devoted to discussion and concluding remarks. Preliminary results for the present study have been published in Refs. 33 and 34. Study of a doubly degenerate orbital model in a honeycomb lattice as an orbital model for RFe 2 O 4 is presented in separate papers. 34, 36 
II. MODEL HAMILTONIAN
We start from the electronic structure in a single Fe ion in the W-layer. This ion is five-fold coordinate with three O ions in the xy plane and two at apices as shown in Fig. 1 (b) . We calculate the crystalline-field splitting of the Fe 3d orbitals in the FeO 5 cluster. Five O ions are replaced by point charges with valence of −2e, and their positions are determined by the crystal structure data. 37, 38 The hydrogen-like wave functions are adopted for the Fe 3d orbitals, and the effective nuclear charge is taken to be +8. The split 3d orbitals are identified by the irreducible representation in the D 3d group: the d 3z 2 −r 2 orbital with A ′ , and two sets of the doubly degenerate orbitals (−ad zx + bd x 2 −y 2 , ad yz + bd xy ) with E ′ , and (ad x 2 −y 2 + bd zx , −ad xy + bd yz ) with E ′′ . Numerical coefficients a and b satisfy the relation a 2 + b 2 = 1. We obtain that the degenerate E ′ orbitals take the lowest energy with b = 0.89, and the first excited level is E ′′ . The energy difference between E ′ and E ′′ , ∆E E ′ −E ′′ , is about 0.1eV which is smaller than that between E ′′ and A ′ , ∆E E ′′ −A ′ ∼ 0.6eV. When we see the crystal structure in detail, an Fe ion is not located at center of a O 5 cage. Distance between the Fe ion and the O 3 plane denoted by h [see Fig. 1 (b) ] is about 0.1Å in LuFe 2 O 4 . 37, 38 We obtain that, with taking h into account, ∆E E ′ −E ′′ increases and ∆E E ′′ −A ′ decreases. The hybridization effects between Fe 3d and O 2p orbitals may increase these level separations. However, because of the small value of ∆E E ′ −E ′′ , we do not exclude a possibility that (d x 2 −y 2 , d xy ) and (d zx , d yz ) couple strongly with each other, i.e. a ∼ b, and that the E ′′ level is the lowest. In any cases, the lowest orbitals are degenerate. As a result, in Fe 3+ , each orbital is singly occupied, and total spin S = 5/2 of the high-spin state. On the other hand, in Fe 2+ , one of the degenerate lowest levels is doubly occupied by a hole, and S = 2. Thus, two fold orbital degeneracy exists in Fe 2+ . This is represented by the orbital pseudo-spin operator defined by
where d † iµs is the creation operator for an Fe 3d hole with orbital µ, spin s(=↑, ↓) at site i, and σ µ µ ′ is the Pauli matrices. In following part of this paper, we assume for simplicity that the two orbitals in the lowest level are (d We set up the model Hamiltonian for the electronic structure in a W-layer. The 3d electrons in the Fe ions and the 2p ones in O which hybridizes with Fe 3d are introduced. We start from the following generalized pd Hamiltonian,
with , η y ) with η = (α, β , γ), which are obtained by a rotation of the xy axis by 2πm η /3 with (m α , m β , m γ ) = (0, 1, 2) (see Fig. 2 ). In each coordinate, we define the operators as
and
In the bond direction η, the d η ions are taken into account in the last term of Eq. (2), i.e. H V . We consider the largest three interactions in the W-layer as shown in Fig. 3 : the inter-plane NN interaction (V cNN ), the intra-plane NN one (V abNN ) and the inter-plane next NN one (V cNNN ). This is because (1) these Coulomb interactions are a minimum set which reproduces the three-types of charge structures observed experimentally, and (2) 
where a constant term is omitted. The operator Q z i takes 1/2 and −1/2 for Fe 3+ and Fe 2+ , respectively. The charge conservation is imposed by a relation ∑ i Q z i = 0. Based on the extended pd Hamiltonian H pd , we derive the effective Hamiltonian for the superexchange interactions between NN Fe ions in a plane. This interaction arises from virtual hopping of holes between Fe ions. The Hamiltonian is derived by the 4th order projection-perturbation procedure in terms of the hopping term H pd . Following two exchange processes are considered:
where we adopt the hole picture, and M and N represent the numbers of holes. These are termed the dd-and d pdprocesses, respectively, from now on. Here, we present the outline of derivation, and details are given in Appendix A. A general form of the Hamiltonian is
whereP is the projection operator for the We define the spin operators I i and J i for Fe 2+ and Fe 3+ with amplitudes of 2 and 5/2, respectively. The orbital operator is redefined in the (η x , η y ) coordinate as
This operator takes 1/2 (−1/2), when the d η 2
orbital is occupied by a hole. In a given pair of i and j sites, subscripts η i and η j in τ iη i and τ jη j are automatically determined. The exchange constants are defined by 
It is worth to note that 1) H (22)−l is expressed as a product of charge, spin and orbital interactions between given sites i and j, and 2) H (32)−l includes a linear term of the orbital pseudo spin because Fe 3+ dose not have the orbital degree of freedom. After all, we obtain the Coulomb-and exchange-interaction Hamiltonian
where H V and H J are given in Eqs. (9) and (13), respectively. Before going to the numerical results calculated in the Hamiltonian, we briefly mention the energy scales of charge, spin and orbital degrees of freedom, and signs of the exchange interactions. The inter-site Coulomb interactions provide a larger energy scale than the exchange interactions. Thus, the charge sector is frozen at the highest temperature in comparison with spin and orbital ones. This is consistent with the experimental results in LuFe 2 O 4 where the charge ordering temperature (about 320K) is higher than the spin ordering one (about 250K). 17, 18, 24 By calculating the exchange energy in a given NN bond, we estimate stable spin and orbital configurations. This is not trivial from the Goodenough-Kanamori rule because of the 120 • bond angle. The energy parameter sets for the exchange coupling constant J (mn)−l are determined from the experimental data in LaFeO 3 , 39,40 and I i and J i are assumed to be Ising spins. We obtain the spin and orbital configurations for the lowest exchange energies as 1) for a Fe 2+ -Fe 2+ bond, I Fig. 13 , which will be explained in more detail later. In this structure, Fe 2+ ions in the 2Fe 3+ -Fe 2+ (upper) plane are surrounded by six NN Fe 3+ . Thus, the exchange Hamiltonian in this plane is reduced into a form of ∑ i j [(1/2) ± τ iη i ] which becomes a constant by using the relation of ∑ i j τ iη i = 0. This relation is also applicable to the Fe 2+ -Fe 3+ bonds in the 2Fe 2+ -Fe 3+ (lower) plane where three Fe 2+ -Fe 3+ bonds connecting a Fe 2+ ion are equivalent [see Fig. 13 ]. Therefore, the orbital part of the exchange Hamiltonian in this ferrimagnetic phase is mapped onto the following orbital model defined on a Fe 2+ sublattice; (19) where (e α , e β , e γ ) represent the three unit vectors connecting NN Fe 2+ sites in a honeycomb lattice. A summation ∑ ′ i takes Fe 2+ sites in one of the two sublattices in a honeycomb lattice. The coupling constant J orb is given by the exchange constants J (nm)−k . In this model, it is obtained theoretically that the orbital does not show a conventional long-range order down to very low temperature of the order of 0.005J orb . Therefore, for simplicity, we assume that the pseudo-spin operators for orbital in H J are set to be zero in the following calculation. Theoretical study of the orbital model on a honeycomb lattice is presented in separate papers. 34, 36 
III. CHARGE STRUCTURE AND ELECTRIC POLARIZATION
First we focus on the charge structure and the electric polarization by analyzing the inter-site Coulomb interaction term H V . We apply, at the first stage, the mean-field approximation to H V , and obtain stable charge structures. The charge conservation is taken into account by adding the chemical poten- (1/2, 1/2, 0) ≡ q 1/2-I and (1/2, 0, 0) ≡ q 1/2-II , respectively. As suggested by Yamada and coworkers, CO 1/3 shows finite electric polarization due to charge imbalance between the two triangular-lattice planes. 17, 18 A ratio of Fe 2+ and Fe 3+ is 1 : 2 (2 : 1) in the upper (lower) plane. In other charge structures, equal numbers of Fe 2+ and Fe 3+ occupy the upper and lower planes, and there is no electric polarization.
Mean-field phase diagram at zero temperature is presented in Fig. 6 . The non-polar CO 1/2 -II and CO 1/4 2, respectively. The polar CO 1/3 structure appears only on the phase boundary where CO 1/3 is degenerate with CO 1/2 -II and CO 1/4 . Realistic parameter values for RFe 2 O 4 correspond to a shaded area in Fig. 6 . We fix a value of V cNN /V abNN to be 1.2, as shown by a dashed line in Fig. 6 , and calculate finitetemperature phase diagram (Fig. 7) . The polar CO 1/3 is stabilized in a wide region between CO 1/4 and the CO 1/2 -II.
Beyond the mean-field calculation, we examine the charge structure in finite temperature by using the MC simulation. To avoid a trap of a simulation in local minima, we adopt the multi-canonical MC (MUMC) method. 41 Simulations are performed on a paired triangular lattice of L× L× 2(≡ 2N) (L = 6 and 12) sites with the periodic-boundary condition in the ab plane. We use 6 × 10 6 MC steps to obtain a histogram in the MUMC method and 16 × 10 6 MC steps for measurement. We calculate the charge correlation function and the electric polarization P defined by
with where r i is a position of site i, and ∑
u(l) i
represents a summation of site i in the upper (lower) plane.
The charge correlation functions at V cNNN /V abNN = 0.58, 0.6 and 0.62 are presented in Fig. 8 . At V cNNN /V abNN = 0.6, N(q 1/3 ) shows a hump around T ≡ T /V abNN = 0.18 and keeps a finite value down to the low temperature limit. From the specific heat data, we identify T = 0.18 corresponds to the charge-ordering temperature. In the both cases of V cNNN /V abNN = 0.58 and 0.62, N(q 1/3 ) is dominant in high temperatures, starts to decrease around T = 0.2 and disappears at the lowest temperature. On the contrary, the charge correlation N(q 1/2−II ) and N(q 1/4 ) grow up around T = 0.05, and increase with decreasing temperature. These results and the specific heat data imply that the charge order at q 1/3 is changed into the other type of charge order at perature dependence of P at several values of V cNNN /V abNN is presented in Fig. 9 . At V cNNN /V abNN = 0.6, P remains down to the low temperature limit. Apart from V cNNN /V abNN = 0.6, P starts to decrease at the temperature where N(q 1/2-II ) and N(q 1/4 ) grow up, and disappears at the lowest temperature. These results obtained by the MUMC method are qualitatively consistent with the ones in the mean-field calculation.
The polar charge structure characterized by q 1/3 and the transition to the another structure characterized by q 1/4 at V cNNN /V abNN < 0.6 are consistent with the experimental results. In LuFe 2 O 4 , charge order indexed as (1/3 1/3 3m + 1/2) appears around 350K and remains, at least, down to around 20K. 17 On the other hand, in YFe 2 O 4 , charge order indexed as (1/3 1/3 3m + 1/2) observed at room temperature is changed into the one as (1/4 1/4 3/4) around 250K. 31, 32 We suppose that different rare-earth metal ions slightly change ratio of the Coulomb potentials, and LuFe 2 O 4 (YFe 2 O 4 ) corresponds to the parameter region of V cNNN /V abNN ≈ 0.6 (V cNNN /V abNN < 0.6) in the present calculation.
Stability of the CO 1/3 phase is attributed to large thermal fluctuation in the geometrically frustrated lattice. A key issue is the two-sublattice structure in this charge ordered phase (see Fig. 10 ): 43 Fe 2+ ions in the 2Fe 2+ -Fe 3+ (lower) plane and Fe 3+ in the Fe 2+ -2Fe 3+ (upper) one belong to a sublattice termed A. Other Fe ions belong to another sublattice termed B. All in-plane NN ions of a site in the sublattice B have an opposite valence. On the other hand, a site on the sublattice A is surrounded by three NN Fe 2+ and three NN Fe 3+ in the plane. Therefore, the Coulomb potentials at these sites from the in-plane NN ions are canceled out, and charge fluctuation is able to occur easily without loss of V abNN . It is obtained in the numerical calculation that an amplitude of the meanfield on the sublattice A is 0.9V abNN at low temperature which is much less than that on the sublattice B, 2.1V abNN . Large charge fluctuation at the sites grows up with increasing temperature, and contributes to the entropy gain at finite temperature. On the contrary, in the CO 1/2 -II and CO 1/4 structures, all Fe 2+ (Fe 3+ ) are equivalent and charge fluctuation is weaker than that in the sublattice A of CO 1/3 . This is the reason why the polar charge order characterized by (1/3, 1/3, 0) is more stable than other charge structures in finite temperatures.
Let us focus on the charge structure in low temperatures in more detail. As shown in Figs. 8 (b) and 9 , saturated values of N(q 1/3 ) and P in V cNNN /V abNN =0.6 at the low temperature limit are 0.032 and 0.094, respectively, which are smaller than the values expected from the ideal CO 1/3 phase, 0.056 and 0.33 respectively. This implies that the charge configuration at low temperature in V cNNN /V abNN = 0.6 is not the ideal CO 1/3 state. We analyze the probability histogram in the MUMC simulation, and examine the charge configurations realized in lowest temperatures. These are classified into the following three configurations: the polar CO 1/3 structure shown in Fig. 5 (a) , partially polarized charge structures characterized by the momentum q 1/3 , termed CO A , and nonpolar structures termed CO B . Detailed structures of CO A and CO B are shown in Appendix B. In CO A , the polarization is P = N/3 − n √ N with an integer number n satisfying a relation of 0 ≤ n ≤ 2 √ N/3. Degeneracy of a sum of these configurations is of the order of ∑ n 2 √ N/3 C n ∼ 2 √ N . As for the CO B state, degeneracy of the configuration is also of the order of 2 √ N . Because of the coexistence of these charge structures, the saturated values of P and N(q 1/3 ) are smaller than the expected values from the ideal CO 1/3 state. This tendency is remarkable in the large system size, as shown in Fig. 9 .
This coexistence of the polar and non-polar CO states implies that the full polarization expected from the ideal CO 1/3 state is realized by additional weak interactions. The longrange Coulomb interactions between the NN W-layers is one of the candidates. This scenario is plausible, since, in LuFe 2 O 4 , the electric polarization appears around the threedimensional charge-ordering temperature. 20, 27 We examine effects of the inter W-layer Coulomb interaction based on a model where two W-layers stacked along the c axis are coupled by the Coulomb interaction. Saturated values of N(q 1/3 ) and P at low temperature are identical to the expected values from the ideal polar CO 1/3 state. Roles of the exchange interaction as another candidate to lift the degeneracy are examined in the next section.
IV. SPIN STRUCTURE AND MAGNETO-ELECTRIC EFFECT
In this section, we introduce spin degree of freedom and examine coupling between the electric polarization and the magnetic ordering. The Hamiltonian H V + H J is analyzed by utilizing the MUMC method in a 6×6×2-site cluster. The spin operators I i and J i in H J are assumed to be Ising spins because of the strong magnetic anisotropy observed in RFe 2 O 4 . 24 The energy parameters in the Hamiltonian are chosen to be U d = 7.8, W d = 6.2, I d = 0.8, U p = 4.1, W p = 2.9, I p = 0.6, t pd = 1.8, ∆ CT = 3 and V = 1 in a unit of V abNN . These are determined from the experimental date in LaFeO 3 . 39, 40 In this section, the orbital pseudo-spin operators in H J are set to be zero, as explained in Sect. II. In particular, we focus on a parameter region around V cNNN /V abNN = 0.6, where CO 1/3 is seen down to the lowest temperature in Fig. 7 , and that around 0.58-0.59, where the transition from CO 1/3 to CO 1/4 is shown in Fig. 7 .
Temperature dependences of the charge correlation function, the spin correlation function defined by
where K 5 ) start to order, respectively. This double-magnetic transition may be an artifact in the present model where the inter-plane exchange interactions are neglected, and spins in the upper and lower planes are independent with each other. We expect that the inter-plane exchange interactions are much smaller than the in-plane ones. This is because, when electrons in the d xy and d x 2 −y 2 orbitals are concerned, there are no exchange paths between Fe ions in an inter-plane NN bond. When higherorder exchange processes and/or contributions from other d orbitals are taken into account, weak inter-plane interactions may unify the double transition in the present calculation. As shown in Fig. 11 , the charge correlation function at q 1/3 and the polarization increase at T = 0.085 and 0.014. Results clearly show that magnetic ordering enhances stability of the polar CO 1/3 phase. In the low temperature limit, N(q 1/3 ) and P take 0.056 and 0.33 respectively, which are the ideal values in CO 1/3 . At V cNNN /V abNN = 0.59 (Fig. 12) , a weak shoulder in N(q 1/3 ) around T = 0.2 corresponds to the charge ordering for CO 1/3 . Sequential charge ordering transition occurs from CO 1/3 to CO 1/4 around T = 0.015 Low temperature charge and spin structures at V cNNN /V abNN =0.6 are shown in Fig. 13(a) . Charge structure is identified to be CO 1/3 The numerical results presented in this paper are obtained in the parameter sets where the spin structure in Fig. 13(a) is obtained. However, qualitative difference for the results in the two parameter sets is not seen. It is also true that essence of the coupling between the spin ordering and the electric polarization shown in Fig. 11 does not depend on the detailed parameter values. Since the antiferromagnetic interaction between NN Fe 3+ -Fe 3+ bonds in the 2Fe 3+ -Fe 2+ (upper) plane is robust, Fe 2+ spins are surrounded by three up and three down spins in their NN Fe 3+ sites. Therefore, spin directions in Fe 2+ are not determined uniquely as explained above. Because the number of these sites is N/3, there is a macroscopic number of degenerate spin states of the order of 2 N/3 which contributes to the entropy gain in finite temperatures. This is a kind of partially disordered phase, which has been examined in the antiferromagnetic Ising model on a triangular lattice. 42 In the present case, spins in Fe 2+ and Fe 3+ are inequivalent, i.e. S = 2 and 5/2, and this partial disordered state becomes more stable in comparison with that in the conventional Ising model. Since this spin structure is realized in the CO 1/3 structure and the spin entropy is larger than the charge entropy in the non-polar and partially-polar charge ordered phases, i.e. CO A and CO B , the polar CO 1/3 is reinforced through the spin-charge coupling in the exchange Hamiltonian. This is a kind of "order from fluctuation" mechanism, and, in the present spin-charge coupled system, a ferroelectric order is stabilized . In a remaining part of this section, we examine responses to the electric and magnetic fields in the present novel spincharge coupled system. First we pay our attention to the magnetic-field effect by introducing the Zeeman term of the Hamiltonian
where
for Fe 2+ or Fe 3+ , respectively, and H is the magnetic field. The Hamiltonian H V + H J + H H is analyzed by utilizing the MUMC method in a 6×6×2-site cluster. Magnetic field dependence of the electric polarization and the charge correlation functions at V cNNN /V abNN = 0.6 and 0.59 are presented in Figs. 15 and 16 , respectively. Temperature in Fig. 15 is chosen to be T =0.05, which is below the Néel temperature T N (q 1/3 ), and those in Fig. 16 are T =0.05 and 0.01, which are between T N (q 1/3 ) and the charge ordering temperature of CO 1/4 [T CO (q 1/4 )], and below T CO (q 1/4 ), respectively. When V abNN is taken to be 1eV, magnetic field H/V abNN = 0.01 corresponds to about 100Tesla. In the magnetically ordered CO 1/3 phases at V cNNN /V abNN =0.6 and 0.59, applying the magnetic field reduces the electric polarization. On the other hand, in the antiferromagnetic CO 1/4 phase at Fig. 16(b) ], the electric polarization is induced by applying the magnetic field. At the same time, the charge correlation function N(q 1/3 ) increases and N(q 1/4 ) decreases. Similar results are obtained at V cNNN /V abNN = 0.61, where the CO 1/2−II phase collapses and the electric polarization appears below T = 0.015 by applying the magnetic field. Thus, opposite magnetic-field effects are obtained in the magnetically ordered CO 1/3 phase and the antiferromagnetic CO 1/4 and CO 1/2−II .
We, first, pay our attention to the negative magnetic-field effect in the magnetically ordered CO 1/3 phase. As explained in Sect. III, the three charge structures, the polar CO 1/3 , the partially polar CO A and the non-polar CO B , coexist at H = 0. Among the three, the polar CO 1/3 is a dominant structure, because of the large spin entropy due to the spin degeneracy of the order of 2 N/3 . By applying the magnetic field, these N/3 spins are aligned to be parallel to the magnetic field, and the macroscopic spin degeneracy is lifted. On the other hand, in both the non-polar CO B and the partially polar CO A , a macroscopic degeneracy in the charge configuration, which is of order of 2 √ N , survives under the magnetic field. As the result, the charge entropy in CO A and CO B overcomes the spin one in CO 1/3 , and P is reduced. In other words, under the magnetic field, the present spin-charge coupled system is mapped onto a spin-less model described by H V where the charge entropy plays a dominant role. On the contrary, the positive magneticfield effect in the antiferromagnetic CO 1/4 phase is explained from the Zeeman energy. Under the magnetic field, the ferrimagnetic structure in the polar CO 1/3 phase is more stable than the antiferromagnetic one in CO 1/4 , and the polarization appears below T CO (q 1/4 ). However, under a high magnetic field larger than H/V abNN ∼ 0.01, the polar CO 1/3 competes with CO A and CO B , and the polarization decreases, as discussed above.
We are also able to demonstrate the response to the electric field in the present spin-charge coupled system. The static electric field E applied along the c axis is formulated by the Hamiltonian
where d is a distance between the two triangular-lattice planes in a W-layer. Amplitude of the electric field eEd/V abNN = 0.01 corresponds to about 50MV/m, when we take V abNN =1eV and d = 2.2Å. Electric-field dependence of the spin correlation functions at V cNNN /V abNN =0.6 and 0.58 are presented in Fig. 17 . By applying the electric field, the spin correlation at q 1/3 is enhanced, in particular, below
58. This is a consequence of the polar CO 1/3 phase stabilized by the electric field. The results would be use as a test for the present scenario.
V. EFFECT OF OXYGEN DEFICIENCY
It is well known that several dielectric and magnetic properties in RFe 2 O 4 , e.g. charge and spin ordering temperatures, are extremely sensitive to the oxygen stoicheometry, denoted by δ in the formula RFe 2 O 4−δ . 30, 32, 44 Effects of the oxygen deficiency in this system are recognized as the impurity effects in charge-spin coupled system with geometrical frustration. Here we examine roles of oxygen deficiency on the magnetoelectric phenomena. We simulate following two aspects of the oxygen deficiencies; 1) charge imbalance between Fe 2+ and FIG. 18: Oxygen-deficiency effects of electric polarization P at V cNNN /V abNN = 0.6 (a), and 0.58 (b). Bold, broken and dotted lines are for result without deficiency, that with charge-imbalance effect, and that with electro-static potential, respectively.
Fe
3+ , which is introduced by the modified charge conservation relation as N −1 ∑ i Q z i = −2δ , and 2) random electro-static potential around defect sites. This is modeled by the Hamiltonian
where ∑ i and ∑ ′ j represent summations of defect sites and that of the neighboring Fe sites, respectively. We assume that a defect site is in the FeO plane, and effective charge of a defect is 2+. Amplitudes of the electro-static potentials are estimated by the 1/r-type potential as V R = 1.73V abNN and 1.60V abNN for the NN and NNN sites from a defect site, respectively. The model Hamiltonian H V + H J + H R is analyzed with the relation N −1 ∑ i Q z i = −2δ by the MUMC method. One defect is introduced in a 6 × 6 × 2 site cluster. This concentration corresponds to δ = 0.05.
In Fig.18 , oxygen-deficiency effect on the electric polarization is presented. In CO 1/3 [see below T CO (q 1/3 ) in Fig. 18(a) and between T CO (q 1/3 ) and T CO (q 1/4 ) in Fig. 18(b) ], both the charge-imbalance and electro-static potential effects suppress the electric polarization. On the contrary, in the antiferromagnetic CO 1/4 phase below T N (q 1/4 ) in Fig. 18(b) , the electric polarization is induced by both the two-types of deficiency effects. These results are consistent with the electron-diffraction experiments in YFe 2 O 4−δ ; 44 in samples with large δ , the four fold-type charge order disappears, but the three fold-type indexed as (1/3 1/3 3m + 1/2) is robust.
We turn to explain a mechanism of the charge-imbalance effect. Reduction of P in the CO 1/3 phase shown in Fig. 18(a) is a kind of an usual impurity effect which tends to break the long-range order. On the contrary, increase of P in low temperatures shown in Fig. 18 . A pseudo-spin in the sublattice A is able to be flipped easily in energy. We numerically calculate energy costs due to a flipping in sublattice A is about 40% of that in sublattice B, and is about 65% in CO 1/2 -II and CO 1/4 . Such low-energy charge excitations in CO 1/3 stabilize the charge structure under the charge imbalance.
The electro-static potential effect is also understood from a viewpoint of a soft charge structure in the CO 1/3 phase. Since an effective charge of a defect is 2+, Fe 2+ ions, rather than Fe 3+ , tend to assemble to screen this positive excess charge. However, due to the Coulombic interaction between Fe 2+ ions, a simple cluster consisting of Fe 2+ around a defect is not energetically favored. Exchange of Fe 2+ and Fe 3+ between the planes in a W-layer is able to reduce such Coulombic energy. Energy cost for this kind of exchange of Fe 2+ and Fe 3+ is much lower in CO 1/3 than that in other charge ordered structures. That is, the electro-static screening for excesses charge easily occurs in CO 1/3 because of the two-sublattice structure.
VI. DISCUSSION AND CONCLUDING REMARK
Here we have remarks on some issues which are not included explicitly in the present model and calculation. Effects of the electron transfer in 3d orbitals are not taken into account in the Hamiltonian Eq. (18) . This may be reasonable for the first-step theoretical model in RFe 2 O 4 . It is because, even above the three-dimensional charge-ordering temperature (250K) in YFe 2 O 4 , the electric resistivity ρ shows an insulating behavior; ρ increases with decreasing temperature. A magnitude of ρ about 250K is of the order of 10 2 Ωcm, 45 which is much larger that that above the Verwey transition in Fe 3 O 4 . 46 Therefore, we suppose that dominant electron motion is caused by thermal motion, rather than quantum electron transfer. This is supported by the experimental data in the dielectric constant; it shows strong dispersive feature well described by the Debye model based on the thermal fluctuation of dipole moments. 20, 27, 47 Electron-transfer effects for the charge ordered phase in a triangular lattice have been investigated for some low-dimensional organic salts. 48, 49 In theoretical calculations based on the V −t and extended Hubbard models at quarter filling, a metallic phase appears in a parameter region between two different charge orders, or it coexists with the three-fold type charge order. We suppose that small electron transfer in RFe 2 O 4 stabilizes the CO 1/3 phase, although diffusive features in the dielectric function becomes more remarkable.
Lattice degree of freedom and a coupling with electron are not included explicitly in the present calculation. In our knowledge, there are no detailed crystal structure data in spincharge ordered phases. It is thought from the experimental analyses in YFe 2 O 4 that the crystal symmetries in both the two-and three-dimensional charge-ordered phases indexed as (1/3 1/3 3m + 1/2) are trigonal, but that in the four-fold type charge order is monoclinic. 44 This result indicates that the lattice distortion in the three-fold type charge order is weaker than that in other phases. This is consistent with the present results for a soft charge-order character in CO 1/3 ; amplitude of the charge correlation function is smaller than that in other phases. A weak lattice distortion expected in the three-fold charge order is also related to the symmetry of the CO 1/3 structure, where the rhombohedral symmetry remains in a FeO planes, unlike other charge ordered phases.
In Sect. IV, We show that the electric polarization is reinforced by the ferrimagnetic ordering, and this originates from the spin entropy due to the frustrated geometry. The longrange exchange interactions and/or the magneto-striction effects, which are not included explicitly in the present model, may release the spin degeneracy. In these cases, we suppose that the spins, which are not fixed in the present model [see Fig. 13 ], are loosely bounded by such low-energy scale interactions. However, these still fluctuate in a temperature region which is higher than the energy scale of the interactions, and contribute to the entropy gain.
In the present paper, we analyze an electronic model defined in a single W-layer which is recognized as a minimal and main stage in RFe 2 O 4 . Obtained results provide a starting point to elucidate a variety of magnetic and dielectric phenomena. We briefly discussed, in Sect. III, some roles of the inter W-layer Coulomb interaction. To clarify the three-dimensional charge and spin structures, 17, 25, 26, 30 and the magneto-dielectric response along the c axis, a more realistic modeling for the inter W-layer interactions, in particular, the inter W-layer exchange interactions, and analyses of a threedimensional model are necessary.
In summary, electronic structure and magneto-dielectric phenomena in the rare-earth iron oxides with frustrated geometry are examined. The model Hamiltonian describing the electronic interactions between charge, spin and orbital degrees of freedom of Fe ions is derived. This model is analyzed by utilizing mainly the Monte-Carlo technique in a finite size cluster. The three fold-type charge order associated with electric polarization is stabilized in finite temperature in comparison with two and four fold-type charge structures. The twosublattice structure in this polar charge order plays a crucial role. This phase is reinforced by the magnetic ordering, due to the spin frustration and the coupling between charge and spin in the exchange Hamiltonian. Novel magneto-electric responses to the external fields are available as a test of the present scenario. Effects of the oxygen deficiency are understood from the viewpoint of impurity effects in a frustrated spin-charge coupled system. Through the present study, we provide a unified scenario for a variety of magnetic and dielectric phenomena in RFe 2 O 4 . Fig. 19 (a)-(c)]: (a) the total spin of Fe holes at site j, S, is equal to 5/2 and both the two E ′ orbitals are occupied, (b) S = 3/2 and the two E ′ are occupied, and (c) S = 3/2 and one of the E ′ is occupied. The explicit forms of the exchange Hamiltonian are given by Here we define the projection operators for charge
and those for orbital
The exchange parameters are given as J ( 
